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Abstract 



For a general class of divergence type quasi-linear degenerate parabolic equations with differ- 
entiable structure and lower order coefficients form small with respect to the Laplacian we obtain 
I/'-estimates for the gradients of solutions, and for the lower order coefficients from Kato-type classes 
we show that the solutions are Lipschitz continuous with respect to the space variable. 



1 Introduction and main results 

In this paper we study regularity of local weak solutions to general divergence type quasi-linear degenerate 
parabolic equations with measurable coefficients and lower order terms. This class of equations has 
numerous applications and has been attracting attention for several decades (see, e.g. the monographs 
(Bj 14, 28 , survey [7 and references therein). 

Let n, he a, domain in M^, T > 0. Set Ht ^ ft x (0,T). We study solutions to the equation 

(1.1) Ut — div A{x,t,u,yu) = b{x,t,u,Vu), (a;,i)er2T. 

Throughout the paper we suppose that the function (A, b) : fir x M x x R satisfy 

the Caratheodory condition, that is (A, &)(•,«, z) is Lebesgue measurable for all u £ R, z e R^, and 
(A, b){x, t, •, •) is continuous for almost all {x, t) e fix- 

We also assume that the following structure conditions are satisfied: 



where p > 2, ci and C2 are positive constants and / and g are nonnegative functions. 

Let us remind the reader of the notion of a weak solution to equation p. ID . Wc say that u is a 



weak solution to (HI]) if m G Vi^T) := if„^((0, T); (f^)) n C((0, T); Lf„^(0)) and for any interval 
[^1,^2] C (0,r) the integral identity 



(1.2) 



A{x,t,u,z)z > co\z\P, z G M", 
\A{x,t,u,z)\ < ci(|z|P-i + l), 
\bix,t,u,z)\ < gix)\z\P-' + f{x){\u\ 



+ 1) 



(1.3) / uijjdx + / {—udr'>p + A{x,t,u,yu)V'ip}dxdT— / / b(x,t,u,\7u)^pdxdT 

Jn *i Jtl Jn Jtl Jn 



for any i, G WI p{SIt). 

In [TB] local boundedness of weak solutions to (|l.ll) was obtained under optimal conditions on / and 
g in terms of membership to the nonlinear Kato classes, which are defined below. The main thrust of the 
result in jl8l is the presence of singular lower order coefficients in the structure conditions with optimal 
assumptions while not assuming anything in addition on the diffusion part. 

In what follows we use the notion of the Wolff potential of a function / (cf. [T]), which is defined by 

?(;^^,/(.)%)". 

where here and below Br{x) — {z ^ Vl : |z — x| < r}, p > 1 and /3 > 0. For the case /3 = 1 it is 
customary to drop the first index and write W^{x,R.). The corresponding non-linear (local) Kato-type 
classes Kp^p are defined by 

(1.4) Kfsp:=\f C L]oM) ■■ lim sup (x, R) = for all f2' <e I . 

In case /3 = 1 we simply write Kp = Ki^p. The nonlinear Kato class Kp was introduced in [3]. As one can 
easily see, for p — 2, the class Kp reduces to the standard definition of the Kato class with respect to the 
Laplacian [24] , which is extensively used in the qualitative linear theory of elliptic and parabolic second 
order PDEs. The class Kp turns out to be almost optimal condition on the lower order coefficients also 
in case of nonlinear p-Laplacian type elliptic and parabolic PDEs for a number of qualitative properties 
to hold (see [T71 [TB] and the references therein). A typical example of a singular function in Kp is 

^^^^"^^ with a > p — 1, where here and further on I5 stands for the characteristic function 



1^1^ (log^)' 

of the set S. It was proved in JL8, that the condition /, gP e Kp implies that u G L'^^. In fact, an 
inspection of the proof there shows that the conditions of membership of the structure coefficients to 
the corresponding Kato class can be weakened to the requirement that sup W^'''^^{x, 2R) is sufficiently 

xeW 

small for any subdomain 17' <e il. More precisely, (cf. [H], [T5] ) 

there exists v > Q such that, if for every subdomain $7' (g 

(1.5) lim sup Wf+f (x, R) < v, 

R-^Oxen' 

then u £ L^^inr). 

Throughout the paper we assume that / and g satisfy a condition guaranteeing that u G £^^($7^)- 
We would like to remark that the condition of smallness of sup Wj^ {x, 2R) cannot be distinguished 

from the Kato type condition lim sup W^{x, R) = ii f has only isolated singularities. For p = 2 this 

R^OxeQ' 

was already noticed in [5], where the corresponding example was constructed. We give an extension of 
this example for the general p G [2, N) in the Appendix. 

In this paper we are interested in the estimates of the gradients of solutions to (|l.ip with differentiable 
structure in the diffusion part. The problem of higher regularity of solutions of quasi-linear equations 
(and systems) has a long history, which started from C/j" results for homogeneous elliptic equations (we 
refer the reader to the well known monographs [11] [13l [Ml [21] for the basic results, historical surveys and 
references). For a general structure divergence type quasi- linear elliptic equations, the Holder continuity 
of the gradients of solutions were obtained by DiBenedetto [3] and Tolksdorf j^T] . For the case of quasi- 
linear parabolic equations gradient estimates under different conditions were studied in [51[T21[I1], see also 
monographs [Bll28j for basic results and some historic comments. Very recently several interesting results 
on estimates of the gradients of solutions to quasi-linear elliptic and parabolic equations via nonlinear 
potentials were obtained in (51 [3]. Most of the results in [51[n] concern the elliptic equations of p-Laplacian 
type — div A(a:, Vm) = v with a measure in the right hand side. The authors give pointwise estimates 
of the gradients of solutions via a nonlinear Wolff potential of the measure v, and as a consequence 
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obtain a sufficient condition for the boundedness of the gradient. In [S] also parabohc equations were 
studied, and pointwise estimates of solutions and gradients were obtained, but only for the case p — 2. 
While the results in [SJ nicely cover the case of general measures on the right hand side, the situation 
becomes different when the measure u is absolutely continuous with respect to the Lebesgue measure 
with locally square integrable density, i.e. v = fdx with / £ Lfoc^ and the condition on / in [8] turns 
out to be not optimal, which can be seen on explicit examples. We remark that while this paper was 
already in preparation, the authors were informed about the new preprint |10| , where this situation was 
studied for the elliptic equations and systems, and with the vector field A depending on Vu only. The 

estimates obtained there are expressed in terms of a new potential which is in fact Wi Ax, R) and which 

3 '-^ 

will appear in our main results as well. Below we make a further comparison of our results with [10) . 

We study a general situation for equation (II. ip . that is we allow for the vector field A in the diffusion 
part as well as for the right hand side b to depend on all the arguments. To study higher differentiability 
it is standard to assume that A is differentiable in a;, u and z and that the following ellipticity and growth 
conditions hold: 

(1.6) {{^,A)^l,^Ji)>ca\z\p-^\^i\\ v^, ^gm^, 

(1.7) |9,A| <ci(|zr2 + i)^ 

(1.8) \^^A\<g^{x)\z\^-^ + h{x), 
(1-9) |9,A| <.92(a;)|zri+/2(x), 

where /, /i, /2, 3, ffi, 52 are nonnegative functions. Without loss of generality, we do not assume depen- 
dence of u in the right hand side of (II. 6p - (|1.9p since u is locally bounded due to (|1.5I) . In the sequel 
we refer to /, /i, /2, 5, 5i, ff2 as to the structure coefficients (cf., e.g. [BJ Chap. VIII], see also Remark [1771 
below). 

Our aim here is to reveal most general conditions on the structure coefficients guaranteeing higher 
integrability and boundedness of the gradients of solutions. To formulate our results, we need to introduce 
some additional classes playing special roles in the results. 

The class K2 g defined in (|1.4p with /? = | and p = 3, with a typical example of a singular function 

in K2 3 as 1/2(0) ^ ^fjHYi a > 2, already appeared in structure conditions in |17) as K2. 

I^P(logR) 

We also need to introduce a class of form bounded function with respect to the Laplacian with form 
bound /? > 0, which we further denote by PKp. 

We say that F is form bounded with respect to the Laplacian with form bound /3 > and write 
F e PKf! if F G Ll^^iil.) and there exists C > such that for all G C^{n) 



[ F0^dx <(3 ( \Ve\^dx + C [ e^dx. 
Jn Jn Jn 



We will also need the class of infinitesimally form bounded function with respect to the Laplacian, which 
we further denote by PKq, and the class of form bounded function with respect to the Laplacian, which 
is denoted by PK. These classes are defined by PKi^ = P| PKp and PK — IJ PKp. All the three 

classes became indispensable in many problems in PDE theory. Their complete characterization can be 
found in [35], [53]. For comparison with the Kato type classes, an example of a singular function in 

PK is — THT"^; while and example of a member of PKq is ^i/^i^') ^ with a > 0. We also need 

local versions of the above classes. Namely, we say that F G PKj^'^ (respectively, PKjf^, PK^""^) if 
F\n' G PKp (respectively, PKq, PK) for any Vl' d VL. 

While our main object in this paper is the general equation, it seems worth giving an example of a 
simpler equation which would illustrate the results below, and which seems to be of independent interest. 
Let us consider the nonhomogeneous evolution p-Laplace equation ut — ApU = /. It follows from our 
results below that if G PKq then the gradient of any weak solution u is in L^^^ for any q < 00, while if 
P G K2 3 then Vu G L^^. So, for f{x) = , ^ 1 \c ^3-^^,2(0) with a > we have that Vw G L'^^ for any 
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q < oo, and with a > 1, the conclusion is that Vu G Lj^^, and hence every solution is locally Lipschitz 
continuous with respect to the spatial variables. 

Our strategy is the following. We first show that under some general assumptions on the structure 
coefficients there exists a local weak solution to whose space Hessian exists almost everywhere and 
the space gradient is in L^^^ for an arbitrary large q, in a cylinder Q = Bn x (ii,t2) ^ provided the 
Wolff potentials sup^g^^ VV^{x, 2R) and sup^.^^^ W^' {x, 2R) are sufficiently small. This constitutes an 
existence result. The required a priori estimates are obtained by a finite number of iterations of Moser 
type. The main assumption here is that all squares of structure coefficients are infinitesimally form 
bounded with respect to the Laplacian. Next, under some mild additional assumption on /i and gi, for 
instance, fi,g{ € Kp, we prove that every weak solution to (jl.ll) in fix has the same smoothness. In 
the proof of this result we follow the idea of Tolksdorf 27 , comparing the solution u to p.ip on a small 
cylinder, with a smooth solution to an auxiliary initial boundary value problem in Q with u as initial 
boundary value data and the equation satisfying the same structure condition as (|l.ip . A significant 
difference between our situation and that in 12 7j is that we do not rely on a priori Holder continuity 
(or even continuity) of the weak solution to but rather on the property of smallness of the Wolff 

potentials sup^g^^ Wjj" {x, 2R) and sup^g^^ Wp^ {x, 2R) (see Lemma The next step is to obtain the 
supremum estimates of the gradient. This requires stronger assumptions on the structure coefficients. 
The technique we use to achieve the result is a parabolic version of the Kilpelainen-Maly technique [12] , 
[21] (see [HllS]). 

Our first result concerns the existence of weak solutions to with integrable powers of the gradient. 
Further on we distinguish between the gradient of a scalar function ^ and the spatial derivative DC^ 
of a vector valued function We set [DQki = d^iC,k- The space R^^^ of matrices is equipped with the 



Hilbert-Schmidt norm: for M = {mki} G M^""^, we set \M\^ = |M||^5 = X)™^ 



m 



kl 



kl- 



Theorem 1.1. LetQ denote the cylinder BRx{ti,t2) such thatQ d Q,t. Letv G V{nT)nLf^^{{0,T); W^'^'^' (n)) , 
and let A and b satisfy the structure conditions (11.21) and (|1.6p - (|1.9p with (/^ + /i +5i + /| + )1bj, G 
PK. Assume that sup W^'''^-^ {x,2R) is sufficiently small. Then there exists a solution u to (jl.ip in 

xeBn 

Q satisfying u — v on the parabolic boundary VQ of Q, such that, for every I > and q > p and every 
cylinder Q' = B' x {t'i,t'2) <s= Q there exist constants /3,7 such that 

(1.10) ess sup /" \\7u\'^~P+^dx + [[ D{Vu{\Vu\ - 1)1^^) ^)dxdT < j, 

provided (<?i+52)1bb ^ PKp. In particular, if [91+92)^3 r G PKq thenVu G Ll^^{Q) for every q < 00. 

Moreover, there exist sequences of Caratheodory functions (A„,6„) : Q x M. x M.^ — > M.^ x M. and 
Un G Lf^^({ti,t2); W^^^{Bi^))nC {{ti,t2); W^/o'c (B_r,))) satisfying dfUn~div An{un,Vu„) = 6„(u„, Vu„), 
Un = V on VQ, such that {An,bn){x,t, s, z) — !■ {A,b){x,t, s, z) as n ^ 00 for a. a. {x,t) G Q and all 
(s, z) G M X M.^ , that Un u and Vm„ — > Vu as n ^ 00 pointwise a.e. on Q, and that (A„, &„) satisfies 
the structure conditions (|1.2[) and (II. 6p - (|1.9I) with the same constants Cq and Ci and functions f and 
9, and smooth functions /i,n, gi.n, f2.n, 92,n, replacing fi, 91, f2, 92, respectively, satisfying the PK 
conditions with the same constants, i — 1,2 pointwise a.e. 

The next theorem establishes the same smoothness as above, for all solutions to (|l.ip . 

Theorem 1.2. Let A and b satisfy the structure conditions (jl.2p and (|1.6p - (jl.9p with /i , /I, ffl 6 
PK''"''. Let u be a weak solution to (|l.ip in Ht- There exists > such that, if for all fl' d il. 



lim sup Iw^ix, R) + ' (x, R) + Wf {x, R) + wf {x, R) 



then, for every q > p and I > 0, there exists /3 > such that 

VueLf^,[{0,T);L'};f+^{n)) andVu{\Vu\-l)l-' eLl,(^{0,T);Wl^^{n)) 
provided 92 G PK'f''. In particular, if 9 2 G PKq°'' then Vm G L1^^{Q) for every q < 00. 
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Finally, we give sufficient conditions for the boundedness of the gradient of solutions. 

Theorem 1.3. Let A and b satisfy structure conditions (|1.2p and (|1.6p - (|1.9p . Let u be a weak solution 
to (jl.ip . There exists u > Q such that, if for all VL' (e VL, 



lim sup 



(x, R) + W^' (x, R) 



and 



lim sup \wi\{x, R) + Wfjx, R) + w(\{x, R) + wfjx, R) + wlbx, R) + wfjx, R) 

-R-J-OjjgQ/ L 3''^ a-'^ 3''^ 3 3'-^ 3''' 



that is, for any f2' d 51, 

(1.11) iimsupr-(^/ {fiyf + giyf + fiiyf + gi{yf + f2{yf + 92iyf)dy] <v, 

then 

Vu e LTo^i^T), 

i.e. all solutions to (11.11) are Lipschitz continuous with respect to the spatial variables. 

In particular, if + G Kp and + 3^ + /i + 5i + /I + 52 S Kg 3, then every weak solution 
to (jl.ip is locally Lipschitz. 

Due to the scaling properties of equation (jl.ip one can eliminate the smallness conditions on the 
coefficients /, /i and /2. The next statement though a simple consequence of the preceding theorem, 
gives a generalization of the above result both in the sense of the structure condition on the right hand 
side b and on the conditions on the structure coefficients /, /i and /2 . 

Corollary 1.4. Let A satisfy structure conditions l\l.2\i and b satisfy the structure condition 

\b{x, t, u, z)\ < g{x)\z\P-^ + h{x)\u\P-^ + fix). 
Let u be a weak solution to p.ip . Assume that for every Q' d Q, 



'■"dr 
sup / — 



xen'Jo r \r 



N-2 



B,.(x) 



[f{yf + h{yf + f2{yf]dy\ < ^. 



Then there exists v > Q such that if for every U,' (s 51, 



lim sup 



(x, R) + (x, R) 



lim sup \wfJx, R) + wfjx, R) + Wi\{x, R) + Wi\{x, R) 



then u is Lipschitz. 

Proof. Let A > 1 to be chosen later. Let 

T = AP-^ v{x,T) = \-^u{x,t). 

Then v satisfies the equation ^ 

Vr — div A(a;, r, w, Vu) = 6, 

where {A,b){x,T,v,z) = \^-P{A,b){x,\^-PT,\v,\z). For 6: 

^{x,T,v,Vv)\ = \^-P\b{x,t,u,Vu)\ < g\Vv\P-^ + h\v\P'^ + \^-Pf. 
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Analogously one can verify the structure conditions on A: 

(1.12) ((a,AV,M) >co|zrVl', Vm, zgM^, 

(1.13) |a,A| <ci(|z|p-2 + a2-p), 

(1.14) |5„A| < 51 (2^)1^1""' + X^-^fiix), 

(1.15) |a,A| < 92{x)\z\P-^ + \^-Pf2{x), 

So fix A large enough so that / — X^^^f, fi — A^^^/i, /2 — satisfy the condition of Theoreni ll.3l 

and the assertion follows. □ 

Remark 1.5. To compare Theorem 11.31 and Corollary 11.41 with main results in [TU], in which elliptic 
equations and systems are studied, we first note that the results in jlOj concern the special case of 
the vector field A depends on Vm only, that is when fi = gi — f2 — 92 = in structure conditions 
(II. 8p . (|1.9p . Theorem 1.4 in [10] states only the existence of a locally Lipschitz solution to the equation 
— div A(Vu) = b{x, u, Vu) subject to the Dirichlet boundary condition with boundary data from VF^'P(57) 
under the assumption of smallness of the Wolff type potential W2 3 of + 5^ . The assertion that all the 
solutions are Lipschitz is proved in Theorem 1.1 in |10j . where only the particular case b{x, u, Vu) = fix) 
is considered. So both results follow from Corollarv ll.4l as special cases. 

Remark 1.6. As a consequence of Theorem ll.3l one can give sufficient conditions of the local boundedness 
of the gradient of solutions to (jl.ip in terms of the structure coefficients belonging to the Lorentz spaces. 
This is based on the easily verifiable fact that / e L^'^ ^ G K2 3. We do not dwell upon this further, 
and refer the reader to [TO] for an extensive discussion of this point. 

Remark 1.7. In all the above results structure condition (|1.7p can be replaced by a more general one 
\9zM < ci\z\P^'^ + hi{x) with the requirement /i^ e PKq for Theorems 11.11 11.21 and G K2 3 for 
Theorem 11.31 (compare this with (^3) in [6, Chap. VIII]). We did not elaborate this further. 



1.1 Auxiliary facts 

The following lemma provides an inequality of Hardy- type which is useful in the sequel. 

Lemma 1.8. Let h G W^^^{fl),h > 0. Suppose that Aph G Ll^^{fl) and —Aph > 0. Then for any 

e G w^^p{n) 

(1.16) / t^\e\Pdx< [ \V9fdx. 
If in addition h G L°°(Cl) then 

(1.17) / {~Aph)\9\pdx<\\hr^' f m^dx. 

Jn Jn 

Proof. First, by the Young inequality note that pa^^^b — (p — l)aP < b^ for any a, b > and p > 1. Let 
£ > and < 6* G C^{i^). Then it follows that 

Integrating the above and letting e — 0, we obtain (|1.16p for 9 G C^{il). The general case follows by 
approximation. In case h G L°°{il), it follows from (|1.16l) that 

/ {^Aph)\9\Pdx < f ^}!^{-Aph)\9\Pdx<\\h\\P^' f \V9\Pdx. 
Jn Jn " Jn 

Hence ([TTTI follows. □ 
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Lemma 1.9. Let / > 0, / G Lj^^ and u he the weak solution to 
(1.18) - ApU = / in Br, = 0. 

Then there exists c > such that 



supu(a;) < csup W/(a;, 2i?). 



Proof. Testing (|1.18p by u we obtain 



(1.19) 



/ \Vu\Pdy < sup u{x) f{y)dy. 

JBr Br J Br 



By [H Theorem 4.8] (see also EH Theorem 2.125]), for xq G Br, 

(1.20) u{xo)<cl^f u{yrdy] +cWf{xo,2R). 

\^ JBR{xo)nBR ) 

Using the Poincare inequality, (|1.19l) . the Young inequality and the definition of the Wolff potential 
we have 

i ±- f uiyfdy) " < c f-i- / \Vu{yrdy 



- ' fer^'O ' I Br ^^'^'') ^ - \ r"^"^ ^ ' ^^'^'') 

(1.21) < isupu(a;) + cM^/(a;o,2i?), xq e Br. 

^ Br 

Combining (jl.20p and (|1.2ip and taking supremum over Br we prove the assertion. □ 

As a consequence of Lemma 11.81 and Lemma 11.91 we obtain 
Corollary 1.10. Let 9 G W^'^iBR,), < / G L}^^. Then there exists 7 > such that 

(1.22) [ f \e\Pdx<-f sup Wjf {x,2R)P-^ [ \\/e\Pdx. 

JBr B2R Jbr 

Corollary 1.11. Let 6 G W^ p{Br), < / G L]^^. Then there exists 7 > such that, for every p > R, 

(1.23) ^ f\9\Pdx<^supWf{x,2p)P-'(^J^ \s/e\Pdx+j^ lO^dx^ 

Proof Let ^ G C^iBp) be such that ^ = 1 on and |VC| < Then, by ([TT^ . 

/ f\e\Pdx< [ f \9^\Pdx < J sup Wf{x,2p)P-^ [ \\/{eO\^dx. 

Jbr JBp B2p JBp 

Hence the assertion follows. □ 

The following proposition which is easy to verify, shows some useful relations between the classes 
involved. 

Proposition 1.12. Letp,q > 1, a,/3 > 0. Assume that either k > ^ W I orl<K=^<^. Then 
there exists c > such that, for all f > and R > 0, 

{x, R) < cR"^ (w^/^p(x, 2R)) ^ . 

In particular, for p > 2, if sup Wi ,(2^, R) < 00 then |/|'' G Kp for q G [1, 2) and if fP G Kp then 

xen 3^ 



f eK2C PK, 



0- 



Proof. It suffices to prove the first assertion. First observe that there are constants C > c > dependent 
on f3,p and N only such that, with = 2^''R, k — 0,1,2, ... , 



OO / „ \ p-l OO / „ 



f{y)dy\ 

Br Ax ) J 



Next, by the Holder inequality. 



-If \ Q-l / 1 /• \ ^(5-1) 



f{y)''dy] < c / f{y)dy] r -w-i 



y Jb,.{x) J y ^ JBr(x) 

If x{q — 1) > p — 1 and x > ^ then, by the Holder inequality, 

1 p-i 
Wi'^{x,R) < cR"^ {wipix,R)) . 

li >{{q-l) <p-l and then 



Wl- {x,R) <cR'^S^Y.\ - 

KcR"^^ (w^p{x,2R)j . 



The inclusion K2 C PKo is well known in the standard theory of Kato classes [24] . □ 



2 Proof of Theorem 11.11 

We start with constructing an appropriate local approximation of equation (jl.ip and obtaining a priori 
estimates. 

Approximation. For e > let be the standard moUifier in R^. Denote = A*j^ + ez, smoothing 
with respect to x variable only. For b we introduce 6^ = 6A ^ V (— Also set /i^^ = /i f2,e = /2 *Je, 
51,6 — 91 * Je and 52, e = 92 * je- Note that the structure conditions (|1.2p and (ll.6p - (ll.9p hold with 
Ae, &£, /2,e,5i,e and g2,£ replacing A,b,fi,f2,gi and 32, respectively. Note also that, if f G PKq 
then F * ji; G Pi^o for all £ > 0, with the same function C{/3). 

Let Q denote a cylinder B/f x (^1,^2) such that Q d fir. Consider the following approximating 
equation. 

(2.1) ut — div Ai;{x,t,u,'^u) = bi.{x,t,u,'S/u), {x,t) £ Q. 

In the rest of this subsection we study solutions to (|2.ip in Q. Our task in the sequel is to obtain 
estimates which are uniform in e and which will allow us to pass to the limit e — >■ 0. 

In order to simplify the notation, in the rest of this subsection in all proofs we drop subindex e. We 
often use the Steklov averaging Th, h > 0, defined by 

(Thv) {x, = ^ y ^(2;, t + s)ds. 

We write Vh =ThV. 

Proposition 2.1. Let G V{Q) be a solution to (j2.ip in Q. Then, for every Q' = B' x (^1,^2) <e Q" = 
B" X {t'(,t2) <s Q, there exists 7 > independent of e such that 
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udt^dx dt 



Q' 



< 



Proof. To prove the assertion it suffices to show that, for all G C^{Q'), 

udt^dxdt < 7||Vf IIlp(q')- 

It follows from (|2.1I) and structure conditions (|1.2[) that 

JJ [|A(u, Vii)| |VC| + \biu,Vu)\ \(\]dxdt 
< 7l|Vw||ip(Q/) (IIV^IIlp(q-) + \\g^\\LP(,Q')) 

+ 7ll vcIIl.(q') + i\\pu\\l-lQ,^\\fH\\LPiQ') + iWfwt^Q,) WfhhHQ'y 

Corollary 11.101 implies that 

WfkhnQ') + MhnQ') < 7||v$|Up(q'). 

Finally, from Corollary 1 1 . 1 1 1 we conclude that 

II/^"IIlp(Q') - ^ iW^^hHQ") + \Mlp(Q")) ■ 
Hence the assertion follows. □ 
Proposition 2.2. Let e V{Q) be a solution to ((2?T1) in Q. Then e iLc((*i' ^2); (Q)) and 

iVu.l'^Vu, e i^,((ti,i2);iL(Q)) niL((ii>^2);<f(Q)) for allq> f. 

Proof. The assertion follows by the direct approach via finite differences (see, e.g. Section VIII. 3] and 
[H Section IV. 5]). □ 

The main result of this subsection is the following a priori estimate. 

Proposition 2.3. Let Q' ^ B' x {t[,t'2) d Q" = B" x (i",^') = B x {tiM) be cylinders compactly 
embedded in il^ and let G V{Q) be a solution to (12. ip in Q. Assume that A and b satisfy the structure 
conditions (|1.2p and (II. 6p - (11.91) with the functions (/^ + /i + .g? + /I + 92)^ Br G PK and that there 
exists M independent of e such that |ue| < M on Q" . Then, for every I > and a > 0, there exist 
constants (3 and 7 independent of e, such that, if {g^ + ffi + sDlsjj G then 



(2.2) 



ess sup 

t&[t{,t'.,]JB' 



\2+2a 



dx 



<7 



D{\/ue{\Vu,\-l)l'^^ ^] 



dxdr 

a+l 



\Vu^\P + F'^ + l)dxdT^ {F^ + l)dxdT^ 



with F = f + fi+g + gi + f2 + 32- 



The proof of this proposition is divided into several lemmas, some of which will be used in further 
argument as well. 

Since is twice weakly differentiable, we can differentiate equation (j2.ip . This is done in the next 
lemma. 

Lemma 2.4. Let Q be as in Provosition \2.3\ and G ^(Q) be a weak solution to (|2.1I) in Q. Then for 
every C, G Hl{Q — > K^) and for all ti < t[ <t'2 < t2, one has 



(Vwe, ()dx 



{Vu„dtOdxdt + J J tT{{DC){d,A,)D^u,}dxdt 

t'-, Br 



(2.3) 



■-2 

j J [tT{{DC)d,A,} + {{DO{duA,),Vu,)+b,divC]dxdt. 



t{ Bft 
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Proof. First, let C G C^iQ M ). Test equation (|2.ip by — divC- Integrating by parts we obtain 

J {WueX)dx^]-j J {Vu,dtOdxdt + J j iv{{DC){DA-)}dxdt ^ - j j h drv Qdxdt. 
Observing that 

DA = {d,A)D^u + duA ® Vu + c)^A 
we arrive at (|2.3p . The general case follows by approximation. □ 

Remark 2.5. Note that ([L^ implies that, for Af e R^""^, one has 

tr{Af'^(<9^A)M} > co\z\P-^\M\^. 

Indeed, let M — {mki}. Then 

ti{M'^{dzA)M} =^mkj{dz,Ak)mij =^^{dz,Ak)mijmkj 

jkl j kl 



The proof of Proposition 12.31 is performed by a Moser-type iteration with finite number of steps. The 
following two lemmas contain the main technical part of the proof. 

Lemma 2.6. Let Q' , Q and he as in Provosition \ 2.SX Let > Q, & C°°{Q') vanishing on the 
parabolic boundary VQ' . Let $ £ (^"'^(M), $(0) = and g{s) T<I>(T)dT. Let ( Vue<^i\Vu^\)^. 

Then for almost all (a. a.) r G (^1,^2) ^''^-^ ^'^^ 

T 

J gi\Vu,{T)\)aT)dx + J JtT{{DC){d,A,)D^u,}dxdt 

B' ti B' 

T r 

J J g(\Vu,\)dt^dxdt- j j [ii{{DQd^A,} + {{DO{duA,),Vu,) +be divQdxdt. 



ti B' ti B 



Proof. As before, we write Uh = T^u, where is the Steklov averaging with h < min{i2 — ^27^1 ^ ^i}- 
With notation above set = Vm;i$(|Vu/i|)^. We apply ThC as the test vector function in 



T T 

{Vuh{T)Xh{T))dx ~ J J {yuh,dtC,h)dxdt + j j ii{{DCh)Th[{d,A)D''u]}dxdt 

" tl Br tl Br 

T 

= - J J M{DCh)Thd^A} + {{DThCh){duA),Vu) + T,,[6] diYCh]dxdt. 

tl Br 

Now we pass to the limit as h 0. For the first two terms in the left hand side we have 



{Vuh{T),Ch{T))dx- j J {Vuh,dtCh)dxdt^ J j {dtVuh,Vuh)'^{\Vuh\)£.dxdt 

tl Br tl Br 

T T 

= \j j {dt\Vuh\''m\Vuh\)idxdt^ j j {dtg{\Vuh\))£,dxdt 

tl Br tl Br 

= j g{\Wuh{TM{T)dx - J J g{\vuh\)dt^dxdt. 



Br tl Br 
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Since Vuh ^ Vu a.e. as /i ^ 0, we obtain 

r T 

limy" J g{\Vuh\)dt(dxdt = J J g{\S7u\)dtidx dt, 

tl Br tl Br 

lim|nf j g{\Vuh\{T))S,{T)dx> J gi\Vu\{T))CiT)dx, 

Br Br 

and the assertion follows. □ 
Lemma 2.7. Let Q' <e Q" ^ Q, and M he as in Provosition \2.3[ For I > and a > 0, let 

= (s - l)l+^''s~^, a > 0, = / r$„(r)dr. 

Jo 

Assume that (/^ + 5^ + /i + 5i + /I + sDIbh ^ -P^^- Then, for every a > and Z > there exist (5 and 
7 independent of e such that 



essf 
t 



isup / gai\Vu^{t)\)dx + \Vu^\P-^\D^u,\^<^>a{\Vu,\)dxdt 

t J B' JJQ' 

+ jj \Vue\^~^\V\Vue\\'^^'^{yue)dxdt 
(2.4) <7// if^+9^ + f!+9l + fl + ci)dxdt + jff \Vu,\P'S>^{\Vu,\)dxdt 



provided (.g^ + + gD^Bn £ ^i^^J- 

Proo/. Since |w| < M on Q", it follows that Vu)| < 5|Vu|P-i + 7/ on Q". 

In the rest of the proof we omit the subscript a in and ■ Let ^ be the standard cut-off function 
vanishing on the parabolic boundary of Q" , which is equal to 1 on Q'. 

By Lemma [2761 with ( = $(|Vu|)^^Vu as a test function we have 

sup j g{\\7u\{t)^^dx + JJ tT{{DC){d^A)D^u}dxdt 

(2.5) „ „ „ „ 

< 2 / / g{\Vu\)^dt^dxdt + / / (la^^AI + |a„A||Vw| + \b\)\DC\dxdt. 

Q" Q" 

Note that 

DC = $(| Vw|)C2£,2^ ^ $'(|Vu|)^2yy ^ y|yy| _^ 2$(|Vu|)CVu (g) V^. 

Now we estimate the left hand side of (|2.5p from below using (jl.6p - (|1.7p . Remark 12.51 the identities 
D^uVu = |Vii|V|Vu| and s$'(s) = 2a$(s) + (2 + 2a)l{s - l)^+'^"s-^: 

tT{{DC)id,A)D^u} >co'^>i\Vu\)\\7u\P-^\D\\'^(^ + co^'{\Vu\)\Vu\P-^\V\Vu\f^^ 
- 2(1 + /2-P)ci$(|Vw|)|Vu|P-i| V|Vu||C|VC| 
>co$(|Vw|)|Vu|P-2|i:'2Mpe^ + ico$'(|Vw|)|Vit|P-i|V|Vu||^C^ 



Ci,p,„$(|Vu|)|VwnVC| 



2 
2 



The first term on the right hand side of (j2.5p is estimated using the elementary inequality g{s) < 
CqZ^~p$(s). The second term is estimated by the Schwartz inequality using the PKq condition. To 
shorten the exposition, we denote := / + /i^^ + /2,e, Ge ■— g + gi,e + 32, e- Observe that F| and 
belong to PK with the same constants as and G^, respectively. 

It follows from (O) and ([LHll-Ol) that 



|a,A| + \duA\\Vu\ + \b\ < \Vu\P-'G, + \Vu\fi,, + f + f2- 
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To estimate the right hand side of (|2.5p we use the Schwartz inequahty and the estimate <I>(s)sP + 
$'(s)sP+i < c/($(s)(s - 0+ + 1) in order to conclude that, for ah ^ > 0, 

<i>{\Vu\)C^\D^u\ \Vu\P-^Ge <S<i>{\Vu\)\Vu\P-^\D^u\^^^ + f ($(| Vu|)(|Vm| - 0+ + ^)C^Gl; 
$'(|Vw|)C'|Vu|P|V|Vu||Ge <(5$'(|Vu|)|Vw|^'-i|V|Vu||'c' + f ($(|Vm|)(|Vu| - 0+ + l)^'^^; 
$(|Vu|)e|Vw|f |V^|Ge <i($(|Vu|)(|Vw| - 1)1 + l)e^G2 + i$(|Vw|)|Vu|P|VCp. 
Similarly, since p > 2, for every a > there exists ci^a,a- > such that 

{<^{s)s^-P + )(1 + s^) < a^s)is - 1)1 + Q^„,,. 

Hence we conclude that, for all (5 > 0, there exist ci_a,s > such that 

m^u\)e\D^u\{\^u\h,,+f+f2,e) 

< 5m\7u\)\vu\p-^\D^u\^e + ^H\vu\)\\7u\'-p{\\7u\h^, +f+ h,,)^e 

<5^{\Vu\)\Vu\P-^\D^u\^e + m\'^u\){\Vu\-l)ieF^_+ci^^^seFl. 

^\\yu\)e\Vu\\V\Vu\\{\Vu\h,e + f + f2,e) 

< (5$'(|Vw|)|Vuri|V|V7/|| V + f $'(|Vti|)|Vw|3-P(|V7/|/i,, + / + ,f2,s)^e 

< S^\\Vu\)\Vur'\V\Vu\\'e + S<Pi\Vu\){\Vu\ - i)ieF! + ci^^A'^FI, 
$(|V7.|)e|Vu||Vei(|Vu|/i,, + / + /2,e) 

< i<i>(|V7.|)|VunveP + i$(|Vw|)|Vzip-f (|Vu|/i^, + / + h^,)^e 

< ^mVu\)\Vu\P\Ve + S<f{\Vu\){\Vu\ - l)PA'F^ + ci^a.seF^ 

To complete the proof it remains to estimate the term JJq„ $(|Vw|)(|Vu| — 1)P^_^'^{F^ + G^)dxdt, 

p 

which is done by the direct use of the PK condition noting the inequality | V(\/ $(|Vu|)(|Vu| — l)^) 



c<I>(|Vw|)(|Vu| - 0+ ^|V|Vm|P. We omit further details. □ 



Proof of Proposition \2.3[ To prove the proposition it suffices to show that, for a > and a cylinder Qi 

such that Q' <£ Qi ^ Q" , 

(2.6) 

\Vu\P+^°'dxdt <-fai^JJ {\Vu\P + + l)dxdtj {F'^ + ^)dxdtj 

Then the assertion follows from Lemmma 12.71 

The proof of (|2.6p follows the line of the argument from [51 Ch.VIII, Lemma 4.1]. We will iterate 
with respect to a as it is done in [5] p. 232-233] (with /? in place of our 2a). Let — {t\,tl) x B'' , 
Qi = {tl,tl) X Bi be such that (£ (s Q.Fix a > 0. Let and Ga be as in Lemma with / = 1, 

^^f^{s) = J' rP/^-^ ./^^dr with . Note that *„(s) < sP^^+" and 1*^(5)1^ = sP-^<S?a{s). Using the 
definitions of and Qa and the Sobolev inequality we obtain 

\\/u\P+^+H^+^)dxdt<2P+^+M^+^)\Q^\+ f[ ^l{\Vu\)gl/^{\Vu\)dxdt 

Qt J jQtn{|Vjj|>l} 

Q^\+^ JJ^^{\\7<i'ai\Vu\)\^ + ^li\\7u\))dxdt(^supJ^^g^{\\7u\)edx^ ' . 
By Lemma [2. 71 we estimate the right hand side of the above inequality, which gives 

(2.7) yy ivM|p+^+2"(i+^)dxdt<7ig^i+7(^yy (F2+ivu|f+2")dxdij 

Consider the exhaustion of Q" by cylinders Qo = Q' <£ Qi <e ^ ■ • • Qn <!•••<£ Q" . By iterating 
([27)1 with yc.n := (1 + ;|)""\ we obtain 

yy \Vu\P+^''"~^dxdt<jn(^JJ {\Vu\P + F^ + l)dxd?j +"^''JJ {F^ + ^)dxdt. 



< 



(2.8) 
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This proves (|2.6p for a = >^„ — 1, rt G N. For a general a > fix n such that >f„ > a + 1 > >f„_i. Then 
there exists s G (0, 1) such that p + 2a — s{p + 2>Cn — 2) + (1 — s)p. Then 

l-s 

\Vu\P+^°'dxdt< i 1 1 \Vu\P+^''--^dxdt] ill \Vu\Pdxdt' 
Now (|2.6I) follows from (|2.8p and the Young inequality. 

□ 

The following a priori estimate, mainly extracted from |18l Theorem 1.1], is a ground for the assump- 
tion in Proposition 12.31 that is locally bounded uniformly in e. 

Proposition 2.8. Let G V{Q) be a solution to (|2.ip in Q. Then, for every Q' — B' x {t'i,t'2) <e Q" — 
B" X (^1,^2) Q and p < j m.in[l, dist{B' ,dB), ^Jt\ — t'{, yjt'{ — t'^, there exists 7p > independent of 
£ such that 

pN 2. 

sup|uj| < 7p ( // lu.f^^dxdt] " " +7p sup (/ \ue\^dx] + 7p sup W^»''+-'^(a;, 2p) + 7p. 
Q' \J Jq" J te{t'-;,t'^) \Jb" ) xeB" 

Proof. The fact that u G Lf^^{Q) is established in [181 Theorem 1.1]. The actual estimate follows from 
[B (3.18)]. □ 

The next proposition establishes the existence of a solution to a initial-boundary value problem 
for (EH. 



Proposition 2.9. Let v G T^(f7T) n Lf^^((0, T); W^^^'^' (fl)) . Then there exists a solution 

Ue G ^2); W^^'^(5_r)) to (|2.ip on Q subject to the condition Ue\'PQ = v, where VQ is the parabolic 

boundary of Q . 

Proof. The assertion follows from [50]. □ 

The following proposition establishes first a posteriori estimates for a solution to an initial-boundary 
value problem for (|2.ip . 

Proposition 2.10. Let be a weak solution to (j2.1D in Q i£ fix. Assume that there exists v G 
V{nT)r\L^^{{0,T); W-y{n)) such that Ueix,t) =v{x,t) onVQ. Then, provided sup Wf+f{x,2R) 

xEBr 

is small enough, the following estimates hold: there exists 7 independent of e such that 



sup / u {T)dx + / / iVu^l^dx dt < J sup / v {T)dx + j 

// il'^v]^ + f\v\P + f)dxdt 
r&iti,t2)JBR JJq Te{tiM)JBR JJq 

// \u\P+^dxdt<j [[ \v\P+^dx + j( sup [ v^{T)dx+ [[ {\Vv\^ + f\v\P + f)dxdt 

JJq JJq ^T£{tx,t2)J br JJq 

Proof. Fix (s, r) (e (^1,^2)- Test (|2.ip by ^ = Th{uh — Vh) with h < min{i2 — t, s — ti}, to obtain that 



[{uh{T) - Vh{T)f~{uh{s) - Vh{s)f]dx + / / {n[A{u,Vu)],\/{uh-Vh))dxdt 



S Br 

T 

Th[b{u,yu)]{uh - Vh)dx dt + j j [uh ~ Vh){dtVh)dx dt. 

S Br S Br 
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Note that 



{uh - Vh){dtVh)dx dt 



s Br, 



< 



V " "^1 I " ^ ""Lp' ((s,r); ly-i.P (Sji)j 



\s Br, 



So we can pass to the hmit as /i — and then to the Umit as s to obtain that 
(u(r) -v{T)ydx + J J {A{u,\7u),\7u)dxdt 



^ sup 

Te{ti,t2)JBrt 



< 



Aiu,Vu)\\Vv\ + \b{u,Vu)\\u~v\]dxdt+l // \V{u-v)\Pdxdt\ WdMl^,' ^^^^^.^y^ ^-i.,' ^s^)) 



Q 



Then, using structure conditions (|1.2I) and the Young inequaUty we obtain that, for all (5 > there exists 
7 > such that 

sup ( {u{T)^v{T)fdx+ (( \Vu\Pdxdt<6 [[ \V{u-v)\^dxdt + -/ [[ gP\u-v\Pdxdt 

T&iti,t2) J Br JJq JJq JJq 

+ 1 II f\u~v\Pdxdt + j II f\v\Pdxdt 



+ 7// fdxdt + S p-^-f\\dtv\\ , , ,, ,\ . 

JJq " "LP'[{tut2);W-^.P'{BR)) 

The second and third terms on the right hand side are estimated by CoroUarv ll.lOl Hence we have that 
{u{T)~v{T)fdx+ II \Vu~Vv\Pdxdt<-i 1 1 \Vv\^dxdt + -/ II f\v\Pdxdt 



sup 

Te(tl,t2) J Br 



Finally, by the Holder and Sobolev inequalities we conclude that 



v\P+-^dxdt < 



pN 

\u — v\ "-pdx 



— v\ dx \ dt 



ti \Br, 



<7 // \\/u~\/v\Pdxdt\ sup / {u{t)~v{t)) dx 
Q \Te{ti,t2) Jbr . 



□ 



The preceding proposition together with Proposition 12 .81 turns the a priori estimate of Proposition 
into an a posteriori one, as the following corollary states. 

Corollary 2.11. Let conditions of Provosition [KTU\ be fulfilled. Assume that +.9i +/! +.92)1bh ^ 

PK . Then, for GVGTy Q; ^ ciTid 1^0 there exist /5 > and 'yi^a 

> independent of e such that 



esssup / |Vuep+^"cix + 
t6[t;,ty Jb' 



D{Vu,{\Vu,\-l)'l+^ '] 



dxdr <ji,a, 



provided (ffi +52)1br ^ PK, 



0- 



In the following proposition we prove that the solutions and certain functions of their gradients 
are locally Lipschitz continuous in time variable, with values in certain Banach spaces, uniformly in e. 
This will be used to apply a compactness result from |25) . 
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Proposition 2.12. Let assumptions of Corollary \2.11\ be fulfilled. Then for all a > N, a > p and 

I > 0, B' i£ Bfj and (^1,^2) {ti,t2) there are constants /3,7 > independent of e such that, if 
ial + G PKfi, then, for all h G (0,t^ - t[), 



t'^—h 



,{t + h)^Ue{t) 



W 'P-i(S') 



dt < 7/1; 



J j{\^u,{t + h)\ - l)lVu,{t + h) - {\Vu,{t)\ - l)lVu,{t) 



dt < 7/1. 



Proof. The first assertion follows from Propositions 12.11 and 12.101 

To shorten the proof of the second assertion, we introduce some notation. Let F = 5+51+52 + / + /1 + 
/2. For and a > 2 define wz,„ : ^ as follows. For C £ let w{C) = wz,a(C) = (ICI - 0+C- 
Also, we define f)„ : Q ^ (R^>^^)'* as follows. For M G R^^^, 

t)u[M] tr {M{d^AD^u + d^A)} + (Af9„A, Vm) + b{u, Vu) trM. 

Then it follows from Lemma [2.41 that, for any t G {ti,t2 ~ h) 

T+h T+h 



T+h 



T B 



(Vu, dtOdxdt ^ J J i)u[DC]dxdt for all C G H^iQ M^). 

T B 



Recall that we have to verify that, for all B' d Br, {t[,t2) <e (ti,t2) and h G (0,^2 — t'l) 

t'.,—h 

|(w(Vu(r + h)) - w(Vu(r))||^_i,„-(3,) dt 



t^—h 



IICII 



sup 

K'n'''(-B')<l 



;-u;(Vm(t + h)) - w(Vu{t)), Qdx 



dt < 7/1, 



with some 7 > independent of /i > and u. 

Note that, for a vector field C difFerentiable in t, one has that ^(C) is differentiable in t and 

dMC) = (ICI - ir+dtC + a^dCI - or '(C, dtC). 
Hence by using the Steklov averaging one obtains that, for all ( G C^{B' -> R^), 

T+h 



(2.9) 



[w(yu),C)dx 



T+h 



t)u[DCi + DC2]dxdt, 



r Br 

with Ci = (|Vu| - 0+C and C2 = a^(|Vu| - l)X^{^u,0. So, for B' d Br, (i'l,^) d (^1,^2) and 
h G (0,^2 - C e Cl(B' -+ M^), we have 

t' 



tn —h 



sup 

IICIt,,,i,<.,„, <i 



;w(VM(t + h)) - w{Vu{t))X)dx 



dt<h sup / |f)„[i:)Ci + i:iC2]|da;di. 



Now observe that, by assumptions (fL2t and (fTet - ljOl) . for every M G R^^^, 

^ |f)nM| <7|M|{(|Vur2 + 1)1^2^1 + (^g + 52)|V7/r-i + gi\S/u\P-^ + f + f, + f^] 

<ipAM\{[{\yu\ if-^ + i]\dM + F[(|vu| - or' + !]}■ 
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In turn, we compute that 



and 



DC, = (|vui - i)iDc + «p^(ivui - or c ® ( D 



\7ii \7ii 
\\/u\ |Vu| 



r 

'|Vu| 



+ a^(|Vu|-Or'(V"'C) 



V|Vw| |Vw| V|Vm| |Vw| 
Vu 



|Vu| 



Hence 



(2.11) 



I^Ci + DC2\ < l4\DC\ \Vu\i\Vu\ - or' + ICI l^'ul |Vu|(|Vu| - 



<7.,/ {m [(ivu| - 0+ + (ivu| - or'] + ICI i^'^i [(ivui - or' + (iv«i - or'] } • 

So it follows from ([^ - (pTTj) that 
1 



i)u[DCi + DC2]\dx < I \C\\D''u\'' (iV^r 0+^""^ + (|Vu| -0 



\Q-2 



dx 



B' 



+ I |CII^'"|i^ {\Vu\-lf+''-^ + {\Vu\-l)%-^ 



+ I li^cil^'^l (iv^r or""' + (lv«l-OT 



dx 



dx 



+ 1 mF (iv«ror""' + (ivuror' 



dx. 



Now it follows from the Holder inequality that 



K[DQ,+DQ2]\dx<\\(:\\^ / \D'u\' (|Vu|-/)^+"-V(|Vu|-Or 



ICIloo I / F'dx I I / \D'u\' (|Vu| - or'""' + (IV^^I - 0^ 



\2a-4 



Thus, 



with 



+PCII2 \dM' (|Vu|-or +(|v^|-0^ 



+ PCIU / F^dx 



N-2 
2N 



(|Vu|-0 



(p+a-l)- 
+ 



+ /(|Vu|-0 



|t)„[7^Ci + ^C2]|dx < c(u)(||C||oo + PCII2 + \\DC\\n) 
ciu) = 7a,p,/{ J \D^u\' [(|Vu| - or'""' + (|Vu| - or'] dx 

B' 

/ 2JV iV-2 /■ N 

[|Vu|P+"-^ + |Vur-i] "-^ dx) " + F^dxj. 
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Finally, by the Sobolev embedding theorem, for any a > N, one has ||C||oo + Il^'Clb + ll-DCHw < 
^WCWw'-'" {B')^ ^^'^ Corollary 12 . 1 II cfu) is bounded by a constant independent of w provided a > p. So 
the second assertion follows. □ 

The following lemma serves to assert the pointwise convergence of the gradient. 

Lemma 2.13. Let ^„ be a sequence of a.e. finite vector fields such that there exists a > such that 
CndCnl ~ m)+ convcrges a.e. as n ^ co for all m G N. Then ^„ converges a.e. as n oo. 

Proof Denote := - ■^)% and E„rn {x : |Cn| > 

Note that the function 0m(s) :— s{s — is a homeomorphism [^,c>o) [0,cx)). Let Vm denote 
the inverse map. Then one has 

So there are vector fields Cm, G N such that i,nXEn^ Cm a.e. as n -> oo. 
Let 

E„i = liminf Enm =110 ^^im = {a; : liminf |^„l(a;) > E := [ \ E,n = {x : liminf \£,n\{x) > 0}. 

Then, for every x € E„i there exists iV G N such that x G for all n > N. Hence 

hm ^nix) = lim S.nix)xE„„, = Cm{x) for all x e Em. 

n—^oo n-^oo 

Thus Cn(2;) ^> C(a;) as n -> oo for all x £ E. Note that \^\{x) > ^ for all x G £'m. So (mix) = 
^X{\^\>^}{x) for all m G N and x £ E. 
Further, 

:= {x : Vm, G N 3n > iV such that |$„l(a;) < = {a; : liminf |^„|(2;) = 0}. 
Therefore, for all x € E'^ and to G N, 

|Cm|(a;) = liminf |^„|x£;„,„(a;) = 0. 

n— )-oo 

Now we define ^(a;) = for x G so that Cm (a;) — £,X{\^\> -L]{x) a.e. Finally, we have 

limsup |C„ -£.\< limsup |C«X£„„ - Cm.| + limsup |6i|X{|c„|<i} + ICIX{|5|<i} < ^ as to -j- oo. 

n— >oo n— ^oo n^oo 

□ 

Proof of Theorem \l.l\ For e > 0, let A^, 6^, and be as in Proposition l2.9l Let Q' (^1,^2) x B' Q. 
Due to the embedding d ^^(B') G ly^^^(B') for any g > 1 and cr > iV, it follows from [33 

Theorem 5] and Corollary 12.111 and Proposition 12.121 that, for any a > p, I > 0, the sets {'U£}e>o 
and jdVii^l — Z)" Vue}^^!^ are compact in L^{Q'). Using a compact exhaustion of Q and a standard 
diagonalization we conclude that there exists a subsequence £„ J, such that, u„ = u^^ converges as 
n — )■ cxD a.e. on Q and Vu„(|Vm„| — -)'^ converges as n — ;> 00 a.e. on Q for all to G N. Then by 
Lemma [2.131 it follows that Vm„ converges as n — > 00 a.e. on Q. Let u denote the pointwise limits of 
Un. Since Vm„ is uniformly bounded in Ll^^{Q) for all g > 1, we conclude that Vu G Ll^^{Q) for all 
q > 1 and Vit„ — > Vm as n — >■ cx) weakly in Ll^^{Q). Since the weak and the pointwise limits coincide, 
Vu„ — > Vw as n — )■ 00 a.e. on Q. 
Now observe that 

|Ae„(w„, Vu„) - A(m, Vw)| < |A(w„, Vw„) - A(m, Vw)| + |w„ - w| / |9„A(ws)|ds 

Jo 

+ |Vu„ — Vu| / \dz-^{ijJs)\ds, where = ((1 — s)m„ + su, (1 — s)Vm„ + sVu). 
io 
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Using the structure conditions (ll.7p . (|1.8p we infer that Ae^(u„, Vun) — > A(u, Vu) as ti -4 cx) a.e. on 
Q and that, due to (|1.2[) . the set {A£(u£, Vwe)}j>o is bounded in L^^^^ [Q)- Hence Aj,^(u„,Vm„) — 
A(w, Vm) as n — > oo weakly in Lf^^ (Q). Now we note that 

|6e„(w„, Vu„) - Vw)| < |6(u„, Vm„) - Vu)| 

+ (l{|6(«„,V«„)-6(«,V«)|>l/2} + l{|()(ti,V«)|>l/(2e„)})(l^('"n> Vu„)| + Vm)|). 

Hence, due to (|1.2I) &£^(m„,Vu„) — > h{u,Vu) a.e. on Q. Then by (|1.2p . the set (-u„, Vu„)} is 
bounded in L^^^ (Q). So &£^(-u„, Vu„) is weakly compact in Lf^^iQ) hence Vu) G Lf^^iQ) ^^^^ 
6e^(u„,Vu„) — > Vu) as 71 -> oo weakly in L^g^{Q). Hence, for every 6 ^^^'^(i?), we have that 
JJ A^^{un,Vun)'V9dx dr — s> JJ A{u,Vu)\79dx dr and JJ bs^{un,Vun)Odx dr JJ b{u,Vu)9dx dr as 

Q " Q Q " Q 

n — > CO. Thus M is a solution to satisfying estimate (jl.lO|) . □ 



3 Proof of Theorem [Q] 

In the proof we follow the idea from [27) . with required modifications. We start with the following 
technical lemma. 

Lemma 3.1. There exist CpjTp > such that, for all {x,t) G Ht, G M, ViV ^ M.^ , one has 

{A{x, t, fi, 77) - A(x, t,fL,f]),V-f))> CpM + \fl\f'''\il - 

^^■^^ - rp(/f'(x)|M - + 9l{x)\f,r^\^l - + 9l{x)\ri - ftr^\„ - . 

Proof. Set ujg := (x, t, s/i + (1 — s)/i, 577 + (1 — s)?/), s G [0, 1]. Then 

1 1 
A{x,t,ii,ri) - A{x,t,il,fi) ^ / 52A(a;s)(7? - ?7)fis + / duA{uJs){fJ. ~ p.)ds. 





Then, by (jl.6p . there exist co,p > such that 

1 

(9,A(w,)(77 -fi),rj~ 7~])ds > coM + \v\T~^\v " vl^ 





Further, by (|1.8p . there exists Cp such that 



1 



(5„A(a;s)(/x fi)ds <fi{x)\iJ,-jl\ \t] - f]] + Cpgi{x){\i]\ + \fi\)P - fi\ \?] - ry| 

+ -^5?(2^)(i^i + iryir'iM-Ar 

Co.p 

<^i\v\ + \v\r-'\v v\' + —f?'{x)\i^ Ar' 

+ - ^r^lA. - fA' + ^—^9lix)\vr'\^^ - AP. □ 

Co,p Co,p 

Similar to what was done in [27, we introduce the following functions: 

bix,t,fl,fj) :^Tp(^ff^{x)\u{x,t)~il\^ +gl{x)\fir^Yuix,t)-fi), 

b{x, i, A, fi):={ - f{x){l + \u{x, t)|P-i) - 5(x)|277|P-i) V u{x, t), Vu{x, t))h 

A{f[x){l + \u{x,t)r^)+g{x)\2f,r^). 
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Set 

b{x, t, p,, 77) = b{x, il, 77) + b{x, jl, f]). 
Consider the auxiliary the equation 

(3.2) dtu - divA({t, Vit) = 6({t, Vw). 

Proposition 3.2. Let Q = Bji x {ti,t2) d ^t- Let u be a weak solution to p.2p in Q such that 

u\vQ = u\-pQ, 

where VQ is the parabolic boundary of Q. Then u — u in Q if sup W^^ {x^2R) and sup Wp^ {x^2R) 
are small enough. 

Proof. Subtract (13.21) out of (jl.ip and multiply the difference by u — u. Note that the latter belongs to 
LP({ti,t2) -> WQ'''{B)j nCo([ti,t2) ^ L^iB)y We obtain that 



u - u\'^{t2)dx + JJ (A(m, Vw) - A{u, Vw), Vm - Vu)dxdt ^ j j {b{u, Vu) - b{u, Vu)) {u - u)dxdt. 

B Q 



By Lemma |3. II we have 

(A(m, Vw) — A({t, Vu), Vm — \Iu)dxdt +11 b{u, \7u){u — u)dxdt 



Q Q 

>Cp jj + |Vw|)f-2|VM - Vu\'^dxdt - TpWVu - \7n\\P-'^\\gi{u - 
Q 

Further, note that b{u, Vu) is of the same sign that b{u, Vu). Also observe that b{u, Vu) ^ b{u, Vu) only 
under the condition \b{u, Vu)\ > /(I + + g\2Vu\P~^, which implies that |Vu| > 2|Vu|. Hence 

\b{u, Vu) ~ b{u, Vu)\ < 5|Vur il{|v„|>2|v«|} < 2P-'g\Vu - Vu\p-\ 

Therefore 

' ' \b{u,Vu) -b{u,Vu)\ \u~u\dxdt < 2P-'^\\Vu ~ \7u\\P-^\\g{u - u)\\p. 



Q 

Thus we obtain that 



CpJJ{\Vu\ + \V^)P-^\Vu-V^''dxdt<rp\\Vu-V^\P-^\\gi{u-u)\\l + 2P-^\\V^ 
Q 

By (|1.22p this implies that 

Cp\\\7u~\7u\\P < |rpsup(w^j?"(a;,2i?))^ +2P-isup (w^f (x, 2i?)) ^ | ||Vu- V?i||P. 



So if sup Wf (x, 2R) and sup Wj!^ (x, 2R) are small enough then || Vu - Vu||p < 0. □ 

Br Br 

Proof of Theorem{LM Note that t, /i, 77)] < /(.x) + g(x)|277|P-i and 

< rp(5i(x)|r7ri + (/i(x)i^ +gi(xf )|u(x,t) - /^r^ + /i(x^ 

p 

Hence equation (j3.2p satisfies the structural conditions (|1.2|) - (jl.9l) with 2P~^rp{f{^^ + 9i + sup |u|) + / 
and {2P^^g A-Tpgi) replacing / and g, respectively. Therefore by Theorem 1 there exists a solution u 
coinciding with u on the parabolic boundary of Q, which enjoys the estimate p.lOp . Since gP G Kp^ we 
can choose R so small that u — u on Q. Hence the assertion follows. 

□ 
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4 Boundedness of the gradient. Proof of Theorem 11.31 

We obtain uniform estimates of the gradients on the sets where |Vw| > I for some positive I. This 
restriction ahows us to simphfy the structure conditions putting F = / + .9 + /i + <7i + /2 + .92 and 
requiring 

(4.1) Ic'.AI + |a„A||z| + |6| < F{x)\z\P-' 

instead of the last condition in (|1.2p and (|1.8p . (|1.9p . In obtaining the estimates we follow the parabolic 
version of the Kilpelainen-Maly technique (T^HTj (see [T^ 

Let A > 0, (5 > 0, Z > ^0 > 1, cr ~ ^^"1 ^ ^ \ get 



S 

per per 

(^(cr) / (l + .s)-i-^ds, G{a)^ sif{s)ds. 
Jo Jq 

Before formulating the next lemma let us note that G(ct) >; minjcr^, cr^}, cr > and 

(4.2) if{a) X ^ > J" so that 9.(a^(a)) x ^(a). 

(T + i 1,-1- 1 crj 

Lemma 4.1. Lei (5 > 0. FFii/i notation w = |Vup, cr — (■^^^)^ ^/le following inequality holds 
esssup y G(a(t))e(t)+ w^-'\V<jWia)^'^ < j JJ a^e^^^iat^l + 7 yj w;?-! | y^l ^(^(a)^-^ 

(4.3) +7^2/5+1 / / F^^" + 7(5«-i / / F^afi+VC'T)^- 



Proof. Due to the last assertion of Theorem 11.11 we may assume that u G Lf^^(^{0,T); Wi^^{rt)) n 

C((0,r); VF/„;^(17)). By Lemmas [121 and [Uwith C = iyu)(7ip{(7)('' we have 

(4.4) 

^jG{am^t)+ JJ ti-{{DCmA)D'u} < JJ G{a)^'^-'dr^+ JJ {\d,A\ + \duA\\\7u\ + \b\)\DC\. 
n {Q,t)xn {o,t)xn (o,t)xf2 

Note that DC = D^ua(p{a)£,i + {Vu(E)Vcr){(p{<T) + a{l + (T)-^-^)£,i + q{Wu(E)W^)(TLp{a)£,'i-\ and D'^uVu = 
^Vw = (5/2V(T. By structure conditions (jl.6p and (jl.7p . Remark 12.51 and (14. 2p it follows that 

tr{{DC){d,A)D^u} > cow^-^\D^u\jjsM<^)^'' + y'^w'^"' I Vct| - ^Sw^-^\Va\ | Ve|a^(a)e"' • 
By the Schwartz inequality 

2 

4 4co 
To estimate the right hand side of (14. 4p we note that 

i\d^A\ + \duA\\Vu\ + \b\)\DC\ 
< Fw"^ \D^u\aip{a)^'' + 2Fw? \V<7\ip{a)^'^ + qFw^ \\7^\a(p{a)^''~^ 

< ^y,i-^\D'ufMa)C'^ + ££j^f-i|Va|V(^)e'' 
lb Id 

(4.5) +7(5i(;5-i|VC|VV(CT)e"' + ^L^'tw^+VI^)^', 



where we used the following obvious inequality jw^^^ > aw^ . Thus we have from (|4.4p 

5 J G{a(t))i''{t)+6 J J wP/2-i|Va|V(0C'' 

O (0,t)xO 

(4.6) JJ G{a)(,'i-^dri + i5 J J «;§~i|VepfTV(^T)e'"' + J yj i^^u^^+VMC'^- 
(o,t)xr2 (o,t)xo (o,t)xo 

To complete the proof note that Lp{a) < i, G(cr) < 7cr2 ^^^^^ +1 < ^(;p/2+i _^ ^p/2+i^p/2+i-)^ □ 
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The next lemma provides the estimate of the last term in the right hand side of 
Lemma 4.2. Let h G Hl{B) n L°°{B) he such that - Ah F^. Then 



S^-' jj F'a^+'^ia)^" <j\\h\\^JJ |Va|2«;i-V(^r+7l|/i||oo // [V^l V^x;i- VMC'^^ 
Proof. Recall that ip{a) >; ^ and apply PTTT)) . Then 



<i\\Hoojj \'^<Tf'y^-'^e + i\\h\\ooJJ |ve|V«+ic^-2. 

Finally, note that S^^^a^^^ < w^~^. □ 
Now let {xq, to) e Ht- Given r,S,l > we denote A := max{5, 1} and 

2 2 

Q = Q^-'A*" = Brixo) xIa= Brixo) X (to - -^,io + T^)- 

e e Ci(Si(0) X (-1, 1)), < e < 1, e = 1 on (0) X (-i, i), C.,a(2^, - C(a^o+r"ia;, to+A^-^r-H). 

Then Cr.A e Ci(g";A*°), < ^,,A < 1, Cr,A = 1 On iQ, and |VCr,A| < 7^"' and l^r^-.A! < jA^-^r-\ 
Set 



)— / s5 (1 + s)^2 X min{u'5+\ w^}, \I'(t«) = / {1 + s)^^ ds ^ mm{w^ ,w}. 

Jo Jo 



Corollary 4.3. If Ql'^l'' <e I^t i/ien 



esssup j G{ami^{t)+5'^-^ jj |V$(a)PCV + // 



9 

r,A 



Set Tj = ro2~^, = i3rj(xo), Ij+i = Ij + h = 1, A^ = max{/j,(5j}, /j = /a^, = Bj x 7^, 
= ^rj .Aj - With this notation the next lemma is easy to check. 

2 

Lemma 4.4. If 5j > (1)""^ t/ien Ij C 5^-1- 

Let Lj — {{x,t) G : w{x,t) > Zj}, ij(t) = {x G Bj : w{x,t) > Zj}. Fix >f > a small number 
which will be chosen later depending on the known data. 
Define 



(4.7) ll,Al~^l 



where Aj(Z) = maxjZj, Z — Ij}. 
Set 



= F\x)dxj , J = 1,2,.. 
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The sequence (Zj)jgN is defined inductively. We set as above Iq = 1. Suppose have been 

defined. We show how to define Ij+i- 

First, note that Aj{l) is continuous and Aj{l) — ;> as Z — > oo. If Aj{lj + Fj) < k then we set 
Ij+i — Ij + Fj. If on the other hand Aj{lj + Fj) > x then there exists I > Ij + Fj such that Aj{l) = x, 
and we set Ij+i — I. In both cases 

(4.8) 

Lemma 4.5. 



Ajilj+i) < ><. 



(4.9) 



1 \ 



z 

Proof. Fix J > 1 and suppose that 5j > {^)''^^ <5j-i and dj > Fj since otherwise there is nothing to 
prove. This implies that Aj{ljj^i) = k. 

We denote ~ ^i^, $j := <I>((Tj), j := *(crj). 

Claim, sup ^|Lj(i)| < 'yx. Indeed, for {x,t) e Lj one has 



w{x,t) - Ij^i _ w{x,t) - lj ^ ^ 
Sj^i 



(4.10) 

Note that Lemma [4.41 vields = 1 on Qj. Hence 

r-^sup|Lj (t)| < r^^sup / G 
teij teijJLjit) 

- Ij-i 



<2^rT_^ sup 



G 



which proves the claim. 



Now decompose Lj as Lj ~ L'j U L", 



(4.11) 



w{x, t) — lj 



<e\, L[; = L,\Lr, 



where s depending on the data is small enough to be determined later. Then 



(4.12) 



P-l 



„JV+2 



aUr^dxdt < je\l + £P/2-i) sup ^|ij(i)l < 7^' 



Now recah that <I>(cr) x min{cr4+\ cr"*" }. So crj^^^ < 7(e)$j on L". So we have 



r.N + 2 



£ — 1 



£-1 



2N 



dx dt 



(4.13) 



^1 

<l[e) ' 



sup|Lj(t)| 



<7(e) (sup^|L,(i)| 

P _1 



v(i>,?/ 



<7(e)>f « ■ 



■//|v($,er^) 
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Similarly, if Ij > Sj, 

£-1 



(4.14) 



J J 



aU'- ^dxdt < 7(e) ( sup -^\Lj{t) 



,--1 



v(*,e/ ) 



/ \ — 

< 7(e)><" ■ 



v(*,e 



dx dt 



dx dt. 



Using Corollary 14.31 we have 



(4.15) 



Z_l 



aj^^^f'^dxdt 



A 



£-1 



/V+2 / / •^J'^J 
I .J JJL 



(7^^^ ^dxdt 



< 7(e)>f" 



F^dx 



Now we estimate the first term in the right hand side of (j4.7l) using Corollary (j4.3l) and the Claim. 



sup ■ 



1 

JV 



G 



(4.16) 



2 



e^dx 



Collecting (|4?T2t - (|4?T6l) we obtain 



Now first choosing e by the condition 



and then k such that 



we arrive at 



7£2(l + £^/2-^) = 



7(e); 



□ 



Summing up the inequalities (j4.9p with respect to j from 1 to J — 1 we obtain 

,7-1 

i=i 

Choosing t-q small enough so that ^ ^ ^.w_2 /g ^^^-^ F'^(vi)dy^ ^ < 1^ '^^ arrive at 

(4.17) Zj < 7(So. 

It remains to estimate Jq. From (14. 7p we have 



1 



(^0 < ( — sup / |Vw| ^^dx 

'^0 * "'-Bo 



1 



By the iteration argument of Proposition 12.31 with a = Z = 1, we obtain, with Qq d Q g ^t-, 



(4.18) (5o < 7(ro ' + t-q "^'') f // \^u\^dxdt + 1 1 {F^ + l)dxdt + f // (-F^ + l)dxdt' 



23 



It follows from (|4.17p that the sequence converges to a limit I < 7(5o, and (5j — > as j — > oo. We 
conclude from (|4.8p that 

-4+2 ff (|V7i(x,t)|2-0^/'+'dxdt<7(5|^0 (j^oo). 

r.j JJB,x{t„-j^^,to+j^^} 

Choosing (xo,io) as a Lebesgue point of the function (|Vm[^ — l)^"^^^ we conclude that |V'u(a;o, io)| < 
l^^"^ < 7^y^ with do estimated in 

A Appendix: Example 

Here we construct a function / G L^(M^) with compact support such that svLpW^{x,oo) < oo however 
hm supW^ {x, R) > 0. It is a generalization of an example in the celebrated paper by Aizenman and 
Simon 15', Appendix 1, Example 1]. 

iV-p 

Example A.l. Let p e [2, N). Fix a sequence {pn} C (0, 1) such that Pn J, as n oo and ^ Pn ^^ < 

n 

OO, and a bounded sequence C such that \xn — Xm\ > 4:Pnf^m for m ^ n. Let fn := p^P\Bp^{x„) 
and f = ^ fn- Let ujn denote the volume of the unit hall in M^. First, note that 

n 

(A.l) Wf-ixn, Pn)- j'^ {r^Pn'^N) ^ = ^^^^ a,. 



N-p 

Next, let \x — Xn\ < pn -\- Pn'^^ ■ Then 

oo 

(A.2) Wf- (x, oo) < Wf" (x„, ^) = VF/" {xn, Pn)+J^ (tP-^'p^'Plon) ^ = + 

Pn 

N-p 

Now let \x — Xn\ > + pn ^^ ■ Then 

oo 

Wf-{x,oo)= J ^(rP-^p-f|B,(x)nBp„(x„)|)~ 

(A.3) 

/ — / ar / r \ p-1 i ^ .j^— ^ 

J ' ^ Pn ^ 

N-p N-p 

Observe that if \x — Xn\ < Pn + Pn ^^ for some n G N then \x — Xm\ > Pm + Pm"^ for every m ^ n. Since 
P 2, it follows from (IA.2I) and (jA.3|) that 

N-p 

W^{X, oo) < ^ W^- {X, oo) < bp + CpJ2 Pn'' < OO. 



bp. 



On the other hand, (jA.l[) implies that 

hm sup W^{x,R) > lim W^"{xn, Pn) — Op > 0. 
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